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We investigate the behavior of entanglement entropy in the holographic QCD model pro-
posed by Gubser et al. By choosing suitable parameters of the scalar self-interaction po-
tential, this model can exhibit various types of phase structures: crossover, first order and
second order phase transitions. We use entanglement entropy to probe the crossover/phase
transition, and find that it drops quickly/suddenly when the temperature approaches the
critical point which can be seen as a signal of confinement. Moreover, the critical behavior
of the entanglement entropy suggests that we may use it to characterize the corresponding
phase structures.
PACS numbers: 11.25.Tq, 12.38.Mh, 03.65.Ud
I. INTRODUCTION
In the past two decades, AdS/CFT [1–3] or the more generic gauge/gravity duality has attracted
lots of attention and efforts, which relates a quantum field theory (QFT) in (d+ 1) dimensions to
some gravitational theory in (d+ 2) dimensions. As a strong/weak duality, it provides a powerful
tool to deal with strongly coupled field systems for which traditional methods of perturbative QFT
confront great challenge or even break down. It has been applied on various areas of modern
theoretical physics, including QCD [4–6], condensed matter physics [7–11] and cosmology [12], and
achieved great successes.
On the other hand, experiments of heavy ions collisions on RHIC [13–16] have opened a novel
window into the physics of strongly interacting hadronic matters. The existing data suggest the
following evolution picture: After collision, the hot QCD matters undergo a very fast thermaliza-
tion process to reach thermal equilibrium where a ball of quark-gluon plasma (QGP) forms; And
subsequently, the QGP expands to cool down until the temperature falls below the QCD transition
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2(or crossover) point where it finally hadronizes. The QGP can be described very well by relativis-
tic hydrodynamics with a very small η/s [17], where η/s is the ratio of shear viscosity to entropy
density. This implies that the QGP is strongly coupled, and thus a treatment beyond the pertur-
bative QCD is called for. With the help of the most well-established example of the AdS/CFT
correspondence, namely the duality between N = 4 superconformal Yang-Mills (SYM) theory in
four-dimensional Minkowski spacetime and type IIB supergravity in AdS5×S5, η/s of N = 4 SYM
is produced which is very close to the hydrodynamic result [18, 19]. This remarkable result shows
the validity and powerfulness of the holographic method. However, N = 4 SYM is a conformal
field theory and thus does not exhibit crossover behavior or any kind of phase transition which is
very different from QCD. Moreover, lattice data indicates that the QGP is not a fully conformal
fluid in the relevant RHIC energy range 1 ≤ T/Tc ≤ 3, and the deviation from conformality may
play an important role near the crossover/phase transition [20–22]. Therefore, it is interesting to
seek more realistic holographic models to model non-conformal field theories such as QCD.
Now there are various ways to construct holographic models dual to non-conformal field theories,
either following a top-down approach by studying a specific gravitational theory which has a
string theory construction or a bottom-up approach in which the gravitational background is
phenomenologically fixed to fit the lattice QCD (lQCD) data. Recently, in Refs. [23, 24] Gubser
and his collaborators proposed an interesting bottom-up holographic model intending to mimic
the equation of state of QCD. In their model, beyond the Einstein gravity sector, a nontrivial
massive scalar field as well as a judicious choice of its self-interaction potential are introduced
in the bulk to break the conformal symmetry. The scalar potential has several parameters. By
choosing appropriate values of these parameters, the model can exhibit a crossover behavior at
some critical temperature and the equation of state generated agrees well with the result from
lQCD [25]. Moreover, this simple model can also realize various types of phase transitions by
choosing other values of the parameters in the scalar potential, for example the first and second
order phase transitions. Thus, in additional to mimic properties of QCD, this model provides
us a good background to study various phase structures of strongly coupled field systems. Many
efforts have been devoted to investigate properties of this model. Various first and second order
hydrodynamic transport coefficients have been calculated in Ref. [26]. In Refs. [27, 28], quasinormal
modes are used to probe the crossover/phase transition and a number of novel features are observed
which were not present in the conformal case. In Ref. [29], this model is extended to include the
effect of finite chemical potential and a more complete phase diagram of QCD is thus studied. Other
models are also proposed, see Refs. [30–34] for the improved holographic QCD model (IHQCD),
3Refs. [35, 36] for a top-down model and Refs. [37, 38] for a semi-analytical holographic QCD model.
In this paper, based on Gubser’s model, we aim to use one of non-local observables, the en-
tanglement entropy, to probe the crossover/phase transition. Typically, there are three important
non-local observables–the two-point function, the Wilson loop and the entanglement entropy–one
can consider as probes to track the number of degrees of freedom and reflect non-local information
(correlations between parts for example) of the system. However, they are difficult to calculate
in the field theory side. AdS/CFT correspondence makes the calculations easier by relating them
to some geometric quantities in the bulk. These non-local observables have been extensively used
as probes in the study of the holographic thermalization process of strongly coupled field systems
(QGP for example). For reviews, see Refs. [39, 40] and references therein. The time evolution of
these non-local observables can reflect thermalization process of different regions of the system and
explicitly explain the very short thermalization time. They are also used to describe phase transi-
tions in holographic models of condensed matter systems (holographic superconductor models for
example) [41–63]. In this paper, we will mainly focus on the study of the entanglement entropy,
which, according to the AdS/CFT dictionary, is related to the area of some extremal codimension-
two surface in the bulk. We will consider three sets of parameters in the scalar potential, which
exhibit respectively a crossover, first order and second order phase transitions. Our goal is to
investigate the behavior of the entanglement entropy close to the crossover/phase transitions, and
to see if this non-local observable can give us some information characterizing the phase structures.
The paper is organized as follows. In the next section, we will give a brief introduction of
the holographic QCD model proposed by Guber et al. Then, in Sec. III, thermodynamics of the
model is discussed. In Sec. IV, behavior of the entanglement entropy close to the crossover/phase
transitions is investigated. We will consider two shapes of the entanglement region: the strip one
and the ball one. The last section is devoted to summary and discussions.
II. REVIEW OF THE HOLOGRAPHIC QCD MODEL
In this section, we give a brief introduction of the holographic model proposed by Gubser et al in
Refs. [23, 24] intending to mimic the equation of state of QCD. The bulk action is a Einstein-dilaton
action,
S =
∫
d5x
√−g
[
R− 1
2
(∂φ)2 − V (φ)
]
, (1)
4where the scalar potential assumes the form [27, 28]
V (φ) = −12 cosh(γφ) + b2φ2 + b4φ4 + b6φ6. (2)
This potential is parameterized by four constants, γ, b2, b4 and b6, whose values we can choose. It
has the following small φ expansion
V (φ) ∼ −12 + 1
2
m2φ2 +O(φ4). (3)
The first term is the negative cosmological constant (note that we have chosen the unit to set the
AdS radius to be one), and the second term is the mass term with m2 ≡ 2(b2 − 6γ2). According
to the AdS/CFT dictionary, the scalar field φ in the bulk is dual to a scalar operator Oφ in the
dual boundary field theory. The conformal dimension of the scalar operator is related to the mass
parameter of the scalar field as ∆(∆ − 4) = m2. The mass square m2 can be negative and is
constrained by the Breitenloner-Freedman (BF) bound m2 ≥ −4 [64, 65]. Holographically, this
gravity model is dual to a deformation of the boundary conformal field theory
L = LCFT + Λ4−∆Oφ, (4)
where Λ is an energy scale. In this paper, we consider 2 ≤ ∆ < 4 which corresponds to relevant
deformations of the CFT.
By choosing suitable values of the parameters (γ, b2, b4, b6), this model can produce an equa-
tion of state which agrees well with the lQCD data. Moreover, by choosing other values of the
parameters, this model can also realize various types of phase transitions. In this work, as in
Refs. [27, 28] we consider three sets of parameters, labeled by VQCD, V1st and V2nd respectively,
which are summarized in Table 1. The parameters for VQCD have been chosen to fit the lQCD data
from Ref. [25], and the system is known to possess a crossover behaviour at zero baryon chemical
potential as we will show later. Parameters of potentials V1st and V2nd were chosen so that the
corresponding dual field systems exhibit respectively the 1st, and the 2nd order phase transitions.
potential γ b2 b4 b6 ∆
VQCD 0.606 1.4 -0.1 0.0034 3.55
V2nd 1/
√
2 1.958 0 0 3.38
V1st
√
7/12 2.5 0 0 3.41
TABLE I: Parameters for the three scalar potentials [28].
As we want to study properties of the dual field system at finite temperature, in the gravity
side we need black hole solutions. To seek these solutions, we take the following ansatz as in
5Refs. [23, 24],
ds2 = e2A(−hdt2 + d~x2) + e
2B
h
dr2.
φ = r, (5)
where A,B and h are only functions of r (or, equivalently φ). The above ansatz takes a gauge
φ = r which greatly simplifies the solving of the field equations. Then the field equations of motion
are
A′′ −A′B′ + 1
6
= 0, (6)
h′′ + (4A′ −B′)h′ = 0, (7)
6A′h′ + h(24A′2 − 1) + 2e2BV = 0, (8)
4A′ −B′ + h
′
h
− e
2B
h
V ′ = 0, (9)
where the prime denotes a derivative with respect to φ. The horizon φ = φH is determined by the
zero point of the blackening function h:
h(φH) = 0. (10)
We follow the method proposed in Refs. [23, 24] to solve the field equations, in which by defining
a function G(φ) ≡ A′(φ) the solution of field equations can be expressed as:
A(φ) = AH +
∫ φ
φH
dφ˜G(φ˜), (11)
B(φ) = BH + ln
(
G(φ)
G(φH)
)
+
∫ φ
φH
dφ˜
6G(φ˜)
, (12)
h(φ) = hH + h1
∫ φ
φH
dφ˜e−4A(φ˜)+B(φ˜), (13)
where the integration constants AH , BH , hH and h1 are determined by requiring the appropriate
boundary conditions at the horizon Eq. (10) and the infinite boundary,
AH =
lnφH
∆− 4 +
∫ φH
0
dφ
[
G(φ)− 1
(∆ − 4)φ
]
, (14)
BH = ln
(
− 4V (φH)
V (0)V ′(φH)
)
+
∫ φH
0
dφ
6G(φ)
, (15)
hH = 0, (16)
h1 =
1∫ 0
φH
dφe−4A(φ)+B(φ)
. (17)
6So, once we get the solution of G(φ), the full solution can be generated. As in Ref. [23], by
manipulating Eqs. (6)(7)(8)(9), it is found that G(φ) satisfies the following ”master equation”
G′
G+ V/3V ′
=
d
dφ
ln
(
G′
G
+
1
6G
− 4G− G
′
G+ V/3V ′
)
. (18)
From it, the series expansion of G(φ) near the horizon φ = φH can be obtained,
G(φ) = − V (φ)
3V ′(φ)
+
1
6
(
V (φH)V
′′(φH)
V ′(φH)2
− 1
)
(φ− φH) +O(φ− φH)2, (19)
which can be used as the appropriate boundary conditions to solve G(φ). Note that it is hard to
solve the ”master equation” analytically, so we rely on numerical method.
From the above expressions, we can see that given one value of the horizon φH we can obtain
one unique black hole solution. In this paper, we will vary the value of φH and obtain a family of
black hole solutions numerically.
III. THERMODYNAMICS
In this section, we study the thermodynamics of the dual field system. We will focus on the
temperature-dependence of the entropy density and the speed of sound.
From the ansatz Eq. (5), the Hawking temperature and the entropy density can be obtained,
T =
eAH−BH |h′(φH)|
4π
, s =
e3AH
4
. (20)
From them, we can get the square of the speed of sound
c2s =
d lnT/dφH
d ln s/dφH
. (21)
In the following three subsections, we will discuss the three cases listed in Table 1 respectively.
To make a comparison with the conformal case, here we also show the results for the five-
dimensional Schwarzschild-AdS black hole with the metric
ds2SAdS =
1
z2
[
−h(z)dt2 + dz
2
h(z)
+ d~x2
]
,
h(z) = 1−
(
z
zH
)4
. (22)
The horizon is at z = zH and the infinite boundary z = 0. From the above metric and using the
AdS/CFT dictionary, it is easy to derive the following relations
s/T 3 ∝ (number of degrees of freedom), c2s =
1
3
, (23)
which are expected for a CFT.
7A. VQCD
In Fig. 1, we show the dependence of the entropy density s and the square of the speed of
sound c2s on the temperature for VQCD. From the right panel, we can see that there is a critical
temperature Tc which corresponds to the lowest dip of c
2
s. According to Ref. [26], this value should
be 143.8MeV for QCD, while in our present units it is Tc = 0.181033. As shown in the left
panel, the entropy density and its derivative to the temperature are both continuous at the critical
temperature which means a crossover. When the temperature is beyond the critical point, s/T 3
approaches constant suggesting that even in the non-conformal case s/T 3 may be considered to
approximately count the effective number of degrees of freedom. This claim is also true for the
other two cases, V1st and V2nd, as we will see later. Moreover, as the temperature approaching Tc,
the entropy density s/T 3 drops quickly indicating that the number of underlying degrees of freedom
is largely suppressed, which can be understood as a signal of confinement. The dependence of c2s
on the temperature agrees well with the lattice result [25, 27]. Moreover, for high temperature, c2s
approaches its conformal value 1/3 as expected.
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FIG. 1: (color online) Entropy density s and speed of sound c2
s
for VQCD. In the left panel, the two curves
are for s (dashed) and s/(10 ∗ T 3) (solid) respectively. In the right panel, the lattice data points with error
bar are from Ref. [25].
B. V1st
In Fig. 2, the dependence of the entropy density and the square of the speed of sound on
the temperature for V1st are shown. From the left panel, we can see that In some range of the
temperature, there are three branches of solutions, in which two of them are stable (shown in
blue curves) and one is unstable (shown in red curve). And there is a minimum temperature
8Tm below which no unstable black hole solutions exist. This can be seen more clearly from the
right panel, where for the unstable branch of solutions, c2s becomes negative. In our present
units, Tm = 0.232287. There is a phase transition between the two stable branches of solutions
with critical temperature Tc ≃ 1.05Tm [28], which can be read off by comparing the free energy
of the two stable branches of solutions. As the entropy density is discontinuous at the critical
temperature, the phase transition is first order. Moreover, from the left panel, we can see that
s/T 3 drops suddenly as the temperature approaching Tc which also indicates that the number
of underlying degrees of freedom is largely suppressed, and can also be understood as a kind of
confinement. However, we should note that in the cases V1st and V2nd, we do not intend to mimic
the equation of state of QCD, but rather realize various types of phase structures within the same
framework.
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FIG. 2: (color online) Entropy density s and speed of sound c2
s
for V1st. In the left panel, the two curves are
respectively s (dashed) and s/(20 ∗ T 3) (solid). In a certain range of temperature, there are three branches
of solutions, two of which are stable (blue curves) and one is unstable (red curve).
C. V2nd
In Fig. 3, the dependence of the entropy density and the square of the speed of sound on the
temperature for V2nd are shown. From the figure, we can see that there is a critical temperature
Tc at which the speed of sound cs vanishes. The entropy density s is continuous at Tc but not
its derivative with respect to the temperature, thus the phase transition is second order. In our
present units, Tc = 0.156841. Once again, we can see that s/T
3 drops quickly as the temperature
approaching Tc.
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FIG. 3: (color online) Entropy density s and speed of sound c2
s
for V2nd. In the left panel, the two curves
are for s (dashed) and s/(20 ∗ T 3) (solid) respectively.
IV. BEHAVIORS OF HOLOGRAPHIC ENTANGLEMENT ENTROPY
Suppose the system of the boundary field system living in Minkowski spacetime is divided into
two parts A and Ac, with Ac being the complement of A. Then the entanglement entropy of the
subregion A is defined as the Von Neuman entropy,
SEE ≡ −trAρA ln ρA, (24)
where ρA is the reduced density matrix of A.
Generally, it is difficult to calculate the entanglement entropy directly from the field theory side.
However, the calculation can be made easier with the help of the holographic method, which relates
this entropy to some geometric quantity of the dual bulk geometry. According to the conjecture
proposed in Refs. [66, 67], in Einstein gravity, the holographic entanglement entropy formulae is
SEE =
1
4G
(d+1)
N
ext[Area(γA)], (25)
where γA is the extremal codimemsional-two surface in the bulk which shares the same boundary
with A, i.e. ∂γA = ∂A. G(d+1)N is the Newton constant which we set to be one in the present work.
In this section, we would like to study the behaviors of entanglement entropy close to the
crossover/phase transition, and to see if this non-local observable can characterizes the corre-
sponding phase structures. We will consider two shapes of the entanglement region A: strip one
and ball one.
10
A. Coordinate redefinition
Before diving into the calculations of the three non-local observables, we would like to transform
the metric into the form as
ds2 = e2A˜(z)
[
−h˜(z)dt2 + dz
2
h˜(z)
+ d~x2
]
, (26)
which can be achieved by redefining the radial coordinate as
φ = φ(z). (27)
The form of φ(z) can be obtained by matching the line elements before and after the transformation.
The result is
z(φ) =
∫ φ
0
dφ˜eB(φ˜)−A(φ˜), (28)
and then A˜(z) = A(φ) and h˜(z) = h(φ). In this new radial coordinate, the horizon lies at z =
zH ≡ z(φH) and the infinite boundary at z = 0. We found that it is more convenient to work with
the z-coordinate to do the calculations. In the following, without causing confusion, we will omit
the tilde of the metric functions in Eq. (26) for the sake of simplicity.
B. Entanglement entropy: Strip shape
On the boundary with coordinates (t, ~x), we consider the entanglement region A to be a strip:
A : x1 ∈ [−l/2, l/2], x2, x3 ∈ [−L/2,+L/2], (29)
which has a width l in the x1 direction and length L in the other two spatial directions. We
consider the case L ≫ l so that A preserves translation invariance in the x2 and x3 directions.
According to the holographic entanglement entropy formulae Eq. (25), the entanglement entropy
of the entanglement region A can be calculated by computing the area of the extremal surface
which starts from the boundary of the region and extended into the bulk. Taking into account of
the symmetry, the extremal surface γA can be parameterized by only one function z = z(x1), and
thus the induced metric on the surface is
ds2γA = e
2A
(
1 +
z′2
h
)
dx21 + e
2A(dx22 + dx
2
3). (30)
11
The entanglement entropy then is
SEE =
1
4
∫
dx1dx2dx3
√
γ,
=
V2
2
∫ l/2
0
dx1Q
1/2e3A, (31)
Q ≡ 1 + z
′2
h
, (32)
where V2 ≡
∫
dx2dx3 and γ is the determinant of the induced metric on γA. The equation for
z(x1) can be obtained by extremizing SEE, and the result is
2hz′′ −
(
6h
dA
dz
+
dh
dz
)
z′2 − 6h2 dA
dz
= 0. (33)
To solve z(x1), boundary conditions are needed, which, taking into account of the symmetry, are
z(0) = z∗, z
′(0) = 0, z(±l/2) = 0. (34)
z∗ is the deepest position the extremal surface can reach in the z-direction.
From the expression of SEE, we can see that it does not depend on x1 explicitly which leads to
a conservation equation
Q1/2 =
e3A
e3A(z∗)
. (35)
Using it, SEE can be expressed as
SEE =
V2
2
∫ l/2
0
dx1
e6A(z)
e3A(z∗)
. (36)
To study the behavior of the entanglement entropy close to the crossover/phase transition, we
define a renormalized entanglement entropy density sreEE ≡
SEE−S
0
EE
lV2
(lV2 is the volume of the strip)
and study its dependence on the temperature. S0EE is the entanglement entropy of the strip in some
reference spacetime. Generally, the integration in the expression of the holographic entanglement
entropy Eq. (36) diverges, and by introducing S0EE the divergence can be renormalized. We choose
the reference spacetimes as follows: For the Schwarzschild-AdS case, it is the pure AdS spacetime;
For the VQCD and V2nd cases, they are the critical black hole solutions with the critical temperature
Tc; For the V1st case, it is the critical black hole solution with the temperature Tm. Without losing
generality and for simplicity, we fix the width of the strip l = 0.04 and change the temperature
while keeping in the regime T l≪ 1.
In Fig. 4, the dependence of the renormalized entanglement entropy density on the temperature
for the three scalar potentials are shown. To make a comparison, we also show the result for the
Schwarzschild-AdS black hole which corresponds to the conformal case.
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FIG. 4: (color online) Entanglement entropy density for Schwarzschild-AdS black hole solution and the three
scalar potentials. The width of the entanglement strip is fixed to be l = 0.04. The red curve in the panel
(c) corresponds to the unstable branch of solutions. The insets of panels (b),(c) and (d) show the behaviors
of renormalized entanglement entropy density at sufficiently high temperature.
From the panel (a), we can see that for the Schwarzschild-AdS case, sreEE/T
4 = const.. This
numerical result agrees with the analytical result in Ref. [68] where it is shown that in the regime
T l ≪ 1, sreEE/T 4 ∝ N2c (Nc denotes the color number of the dual conformal field theory and N2c is
thus the effective number of degrees of freedom). However, from panels (b), (c) and (d), we can see
that for the three non-conformal cases, the entanglement entropy shows very different behavior.
Different from the observable of the thermal entropy density, here we can not expect sreEE/T
4 to
count the effective number of degrees of freedom in the non-conformal cases. This difference can be
understood as the effect of the additional energy scale l beyond the mass m of the scalar field (or
equivalently the conformal dimension ∆ of the scalar operator), which is absent for the observable
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of thermal entropy density.
We can also see that as T approaching Tc, similar to the thermal entropy density, the renor-
malized entanglement entropy density drops quickly/suddenly. Physically, we can understand this
behavior as follows: as the temperature approaching Tc, the field system undergoes confinement
so that the number of degrees of freedom contributing to the entanglement is largely suppressed.
This behavior has also been seen in holographic superconductor models [50], where condensation
decreases the entanglement entropy. Moreover, from the insets of panels (b), (c) and (d) and by
fitting the data, we can see that at sufficiently high temperature (while keeping in regime T l≪ 1),
the behaviors of renormalized entanglement entropy density are restored to that of the confor-
mal case, i.e., sreEE ∼ T 4. This indicates that the effects of conformal symmetry breaking become
insignificant at sufficiently high temperature.
Moreover, for the three non-conformal cases, the renormalized entanglement entropy density
exhibit behavior characterizing the corresponding phase structures close to Tc: For the crossover
case VQCD, s
re
EE and its derivative with respect to the temperature are both continuous at Tc; For
the 1st order case V1st, s
re
EE is discontinuous at Tc; For the 2
nd order case V2nd, s
re
EE is continuous
at Tc but not its derivative with respect to the temperature. These behaviors suggest that, as
the thermal entropy, the entanglement entropy may also be used to characterize the type of phase
transition.
C. Entanglement entropy: Ball shape
In this subsection, we consider the entanglement region A to take a ball shape with radius R,
i.e.
∑3
i=1 x
2
i ≤ R2. It is more convenient to work with spherical coordinates (ρ,Ω2), under which
the bulk metric takes the form
ds2 = −e2A
[
−hdt2 + dz
2
h
+ dρ2 + ρ2dΩ22
]
. (37)
Then, in the spherical coordinates (ρ,Ω2), the entanglement region is parameterized as ρ ≤ R.
Taking into account of the symmetry, the extremal surface γA can be parameterized by only one
function, i.e. z = z(ρ), and with boundary conditions
z(0) = z∗, z
′(0) = 0, z(R) = 0, (38)
14
where z∗ is the tip of the extremal surface denoting the deepest position the extremal surface can
reach in the z-direction. The induced metric on the extremal surface is
dsγA = e
2A
(
1 +
z′2
h
)
dρ2 + e2Aρ2dΩ22. (39)
The entanglement entropy then is
SEE =
1
4
∫
dρdΩ2
√
γ (40)
= π
∫ R
0
dρ
√
1 +
z′2
h
e3Aρ2. (41)
The equation for z(ρ) can be obtained by extremizing SEE, and the result is
2hρz′′ + 4z′3 −
(
6hρ
dA
dz
+ ρ
dh
dz
)
z′2 + 4hz′ − 6h2ρdA
dz
= 0. (42)
Note that this equation has a singular point at ρ = 0, so practically in doing numerical calculations
we impose the boundary conditions near the central point ρ = 0 to avoid numerical problems,
z(ǫ) = z∗ +O(ǫ2), z′(ǫ) = O(ǫ), (43)
where ǫ is a small parameter with typical order of 10−3. The higher order terms can be obtained
by solving the equation Eq. (42) near ρ = 0 order by order.
To study the behavior of the entanglement entropy close to the crossover/phase transition, simi-
larly we define a renormalized entanglement entropy density sreEE ≡
SEE−S
0
EE
4piR3/3
(4πR3/3 is the volume
of the entanglement ball) and study its dependence on the temperature. S0EE is the entanglement
entropy of the ball in the reference spacetime with the same choices as in the strip case. Without
losing generality and for simplicity, we fix the radius of the entanglement ball to be R = 0.04 and
change the temperature while keeping in the regime TR≪ 1. The results are shown in Fig. 5.
From panel (a), we can see that for the conformal case, in the regime TR≪ 1 once again we have
the relation sreEE/T
4 = const.. For the three non-conformal cases, the renormalized entanglement
entropy density shows a similar dependence on the temperature as in the strip case. These results
suggest that the behavior of entanglement entropy close to Tc does not depend on the specific
shape of the entanglement region. This implies that our previous suggestion, that the entanglement
entropy may be applied to characterize the type of the phase transition, does not depend on the
specific shape of the entanglement region.
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FIG. 5: (color online) Entanglement entropy density for Schwarzschild-AdS black hole solution and the three
scalar potentials. The radius of the entanglement ball is fixed to be R = 0.04. The red curve in the panel
(c) corresponds to the unstable branch of solutions.
V. SUMMARY AND DISCUSSIONS
In this paper, we discuss the behavior of entanglement entropy close to crossover/phase tran-
sition in the holographic QCD model proposed by Gubser et al [23, 24]. This holographic model
is proposed intending to mimic the equation of state of QCD by introducing a nontrivial scalar
field in the bulk to break the conformal symmetry. The scalar self-interaction potential is pa-
rameterized by four constants whose values we can choose to fit the lQCD results. Moreover, by
choosing other values of the four parameters, this simple model can also realize various types of
phase structures. In this paper, we consider three sets of parameters VQCD, V1st and V2nd pos-
sessing respectively crossover, 1st and 2nd phase transitions, which can be seen by studying their
16
thermodynamic properties, such as the entropy and the square of the speed of sound.
Our results show that, similar to the thermal entropy, the entanglement entropy drops
quickly/suddenly as the temperature approaching the critical value. This can be understood as
a signal of confinement. Moreover, at the critical temperature, it is found that the entanglement
entropy shows behavior characterizing the type of the phase transition which is also similar to the
thermal entropy. These results suggest that we may apply the entanglement entropy to character-
ize the phase structures of strongly coupled field systems. Moreover, by studying two cases with
different shapes of entanglement region, the strip one and the ball one, we show that our claim
does not depend on the specific shape of entanglement region.
We only consider the holographic QCD model proposed by Guber et al [23, 24]. Whether
our claim is still hold for other holographic models, for example the improved holographic QCD
model proposed in Refs. [30–34], the top-down model in Refs. [35, 36] and for the semi-analytical
holographic QCD model in Refs. [37, 38], needs further investigations.
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